Smallness of fundamental groups for arithmetic schemes  by Harada, Shinya & Hiranouchi, Toshiro
Journal of Number Theory 129 (2009) 2702–2712Contents lists available at ScienceDirect
Journal of Number Theory
www.elsevier.com/locate/jnt
Smallness of fundamental groups for arithmetic schemes
Shinya Harada a,∗,1, Toshiro Hiranouchi b,2
a Graduate School of Mathematics, Kyushu University, 6-10-1, Hakozaki, Higashiku, Fukuoka-city 812-8581, Japan
b Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-8502, Japan
a r t i c l e i n f o a b s t r a c t
Article history:
Received 11 April 2008
Revised 21 March 2009
Available online 9 July 2009
Communicated by David Goss
The smallness is proved of étale fundamental groups for arithmetic
schemes. This is a higher dimensional analogue of the Hermite–
Minkowski theorem. We also refer to the case of varieties over
ﬁnite ﬁelds. As an application, we prove certain ﬁniteness results of
representations of the fundamental groups over algebraically closed
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1. Introduction
The Hermite–Minkowski theorem is a remarkable result in algebraic number theory. It says that
for a number ﬁeld F and a ﬁnite set S of primes of F , there exist only ﬁnitely many extensions
of F unramiﬁed outside S with given degree. By Galois theory we can interpret the theorem as the
smallness of the Galois group GF ,S of the maximal Galois extension of F unramiﬁed outside S . In
general, a proﬁnite group is said to be small if there exist only ﬁnitely many open subgroups of
the group of given index. Our main results are the smallness of étale fundamental groups for some
arithmetic schemes as follows.
Theorem (Theorem 2.9). Let X be a connected scheme of ﬁnite type and dominant3 over the ring of in-
tegers Z. Then the étale fundamental group π1(X) is small. Equivalently, there exist only ﬁnitely many étale
coverings of X with given degree.
On the contrary, non-complete varieties over a ﬁnite ﬁeld, even function ﬁelds over a ﬁnite ﬁeld
in one variable with characteristic p > 0 have so many ﬁnite extensions that the Hermite–Minkowski
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of degree p which ramify only at a place. Thus one can hope for the ﬁniteness only for extensions
of bounded degree with extra conditions, for example, ﬁxing discriminants (see [6, Sect. 8.23]). In
Section 3, we use the fundamental groups with restricted ramiﬁcation instead of discriminants. More
precisely, we introduce a certain quotient π1(X,m) of the étale fundamental group π1(X). It classiﬁes
étale coverings of X which allow ramiﬁcation along the boundary according to a given modulus m.
Here, the modulus m is a collection of moduli associated with curves on X . These coverings have the
advantage that they are stable under base change, while coverings with restricted ramiﬁcation dealt
in [11] are not. We examine the smallness of the fundamental group with restricted ramiﬁcation for
varieties over a ﬁnite ﬁeld as follows.
Theorem (Theorem 3.6). Let X be a connected variety over a ﬁnite ﬁeld k. Assume that there exist an étale
morphism X ′ → X and a proper morphism X ′ → Z , where Z is a curve over k. Then π1(X,m) is small for any
modulus m on X.
As an application, in Section 4 we prove certain ﬁniteness results of representations of the funda-
mental groups with restricted ramiﬁcation over an algebraically closed ﬁeld.
After writing up this paper, it was pointed out by Professor Y. Taguchi that one of our main the-
orems (Theorem 2.9) has been proved by G. Faltings [4, Chap. VI, Sect. 2] assuming the scheme X is
aﬃne and smooth over Z. However there is only a sketch of the proof, and our proof is more sys-
tematic and simpler than his by virtue of Lemma 2.7. Thus we think that it is indispensable to leave
Theorem 2.9 in this paper.
Throughout this paper, a number ﬁeld is a ﬁnite extension ﬁeld of the rational number ﬁeld Q. We
denote by OF the ring of integers of a number ﬁeld F . For any ﬁeld K , we denote by K a separable
closure of K and by GK the absolute Galois group Gal(K/K ) of K .
2. Smallness of fundamental groups
The aim of this section is to prove the smallness of the étale fundamental group for a ﬂat scheme
over Spec(Z) (Theorem 2.9). First, we interpret the Hermite–Minkowski theorem as the smallness of a
Galois group as follows.
Deﬁnition 2.1. (Cf. [5, Sect. 16.10], or of type (F) in [19, Sect. 4.1].) A proﬁnite group G is said to be
small if there exist only ﬁnitely many open normal subgroups H with (G : H)  n for any positive
integer n.
For a number ﬁeld F , the Galois group GF ,S of the maximal Galois extension of F unramiﬁed
outside S is small, where S is a ﬁnite set of primes of F . This fact is nothing other than the Hermite–
Minkowski theorem.
Remark 2.2. The notion of a small proﬁnite group is used in another meaning in [17]. These two
notions are quite different. For example, a direct product of countably many Z/nZ is small in the
sense of [17], and it is not small in our meaning. In general, any countably-based proﬁnite group is
small in the sense of [17].
Proposition 2.3. (Cf. [19, Chap. III, Sect. 4.1, Prop. 8].) Let G be a proﬁnite group. The following conditions
are equivalent:
(i) G is small.
(i′) There exist only ﬁnitely many open subgroups H with (G : H) n for any positive integer n.
(ii) For every ﬁnite G-group A, H1(G, A) is a ﬁnite set.
(ii′) For every ﬁnite group A, the set of continuous homomorphisms Hom(G, A) is a ﬁnite set.
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Proposition 2.4. (Cf. [5, Sect. 16.10].) Let G be a proﬁnite group.
(i) If N is an open subgroup of G, then G is small if and only if N is small.
(ii) If G is small and N is a closed normal subgroup of G, then the quotient group G/N is small.
(iii) If G is topologically ﬁnitely generated, then G is small.
Lemma 2.5. If G and G ′ are small proﬁnite groups, then their free product G ∗ G ′ is also small.
Proof. For any ﬁnite group A, there is a bijection
Hom(G ∗ G ′, A) → Hom(G, A) ×Hom(G ′, A)
which maps f :G ∗ G ′ → A to the pair ( f |G , f |G ′), where f |G and f |G ′ are the restrictions of f to G
and G ′ respectively. Hence we have the assertion. 
The following lemma, Lemma 2.7 is a proﬁnite group version of Lemma 5 in [25]. We can prove
it by the same method, namely by employing the theory of “variety of groups”. Here we prove this
by purely proﬁnite group theoretic argument. This proof is due to Professor M. Matsumoto. First we
prove a lemma, which is crucial for the proof of Lemma 2.7.
Lemma 2.6. Let 1 → G ′ → G ϕ−→ G ′′ → 1 be an exact sequence of proﬁnite groups, where G ′ is a ﬁnite group
and G ′′ is a small proﬁnite group. For any positive integer n there exist only ﬁnitely many open normal sub-
groups N of G with (G : N) n and G ′ ∩ N = 1.
Proof. For any positive integer n, let Sn be the set of open normal subgroups N of G (we write it as
NG) with (G : N) n. For N ∈ Sn with N ∩G ′ = 1, the restriction ϕ|N :N → ϕ(N) of ϕ is an isomor-
phism and we have (G ′′ : ϕ(N))  n. Let N ′′ be an open normal subgroup of G ′′ with (G ′′ : N ′′) n.
By the smallness of G ′′ , it is suﬃcient to prove the ﬁniteness of the set S′n of N ∈ Sn with N ∩ G ′ = 1
and ϕ(N) = N ′′ . For any N ∈ S′n , by composing the isomorphism ϕ−1 :N ′′ → N and the inclusion
N → ϕ−1(N ′′), we have a section N ′′ → ϕ−1(N ′′) to ϕ−1(N ′′) ϕ−→ N ′′ . This correspondence induces an
injection S′n → S′′n , where S′′n is the set of sections N ′′ → ϕ−1(N ′′) to ϕ−1(N ′′) ϕ−→ N ′′ . Now we prove
that the set S′′n is ﬁnite. Suppose that S′′n = ∅. Take a section s0 :N ′′ → ϕ−1(N ′′) in S′′n . Then we know
that any section s :N ′′ → ϕ−1(N ′′) in S′′n factors through the semidirect product G ′  s0(N ′′) which is
a subgroup of ϕ−1(N ′′). Let K be the kernel of the conjugate action N ′′ → s0(N ′′) → Aut(G ′), which
is an open normal subgroup of N ′′ . Then the restriction to K of any section s :N ′′ → G ′  s0(N ′′) in S′′n
factors through G ′ × s0(K ). This is completely determined by s0 and the projection of s|K to G ′ . Since
K is small, there are only ﬁnitely many possibilities of the restriction of sections s :N ′′ → G ′  s0(N ′′)
to K . Since K is open in N ′′ , we conclude that S′′n is a ﬁnite set. 
Lemma 2.7. Let G ′ → G → G ′′ → 1 be an exact sequence of proﬁnite groups. If G ′ and G ′′ are small, then so
is G.
Proof. For any positive integer n, let Sn be the set as in Lemma 2.6. For each N ∈ Sn , we have G ′ ∩
N  G ′ and (G ′ : G ′ ∩ N) n. Note that G ′ ∩ N is also normal in G . By taking quotient groups, we have
an exact sequence G ′/G ′ ∩ N → G/G ′ ∩ N → G ′′ → 1. By the smallness of G ′ , there are only ﬁnitely
many possibilities of open normal subgroups of G ′ with the form G ′ ∩ N when N runs through all the
open normal subgroups of G with (G : N) n. Let N ′1, . . . ,N ′r be such open normal subgroups of G ′ .
Clearly we have










N  G/N ′i ∣∣ (G/N ′i : N) n}.
Hence it is suﬃcient to replace G by G/N ′i and assume G
′ is a ﬁnite subgroup of G . Let N0 be an open
normal subgroup of G with G ′ ∩ N0 = 1 (such N0 exists since G is Hausdorff and G ′ is ﬁnite). When
N runs through all the open normal subgroups of G with (G : N) n, there exist only ﬁnitely many
possibilities of open normal subgroups of G with the form N ∩ N0 by Lemma 2.6. Since N ∩ N0 is
open in G , this implies that there are only ﬁnitely many possibilities of such N . Hence G is small. 
We recall a homotopy exact sequence of étale fundamental groups.
Proposition 2.8. (See [12, Lem. 2].) Let S be a connected normal and locally Noetherian scheme with generic
point η. Let X be a scheme which is smooth and surjective over S and assume that its geometric generic ﬁber
Xη¯ is connected. Then the sequence of étale fundamental groups
π1(Xη¯) → π1(X) → π1(S) → 1
is exact.
Finally, we prove the following theorem.
Theorem 2.9. Let X be a connected scheme of ﬁnite type and dominant over Z. Then the étale fundamental
group π1(X) is small.
Proof. We shall ﬁrst reduce to the case in which X is a normal scheme smooth over OF of a number
ﬁeld F and the geometric generic ﬁber XF := X ⊗OF F is connected.
Since the scheme X is Noetherian, we have ﬁnite number of irreducible components X1, . . . , Xn
of X . The natural morphisms Xi → X induce a morphism ⊔i Xi → X which is an effective descent
morphism. By using the descent theory [8, Exp. IX, Th. 5.1], the group π1(X) is a quotient of the
group generated by π1(Xi) for all i and ﬁnitely many generators. Thus, we may reduce to the case X
is irreducible by Proposition 2.4 and Lemma 2.5. Since we have an isomorphism π1(X) 
 π1(Xred) for
the reduced closed subscheme Xred of X [8, Exp. IX, Prop. 1.7], we may assume that X is integral. Let
X ′ → X be the normalization morphism of X . Since X is an excellent scheme, it is a ﬁnite morphism
([7, 7.8.3(iii), 7.8.6(i), (ii)] or [15, 8.2.3]). By the descent theory [8, Exp. IX, Th. 5.1] again, we know
that the group π1(X) is a quotient of the group generated by π1(X ′) and ﬁnitely many generators. By
Proposition 2.4 and Lemma 2.5, we may assume that X is normal. Let F be the algebraic closure of Q
in the function ﬁeld of X . Then the geometric generic ﬁber XF is connected. Since X is dominant
over OF , it is ﬂat over OF [15, Chap. 4, Prop. 3.9]. For any open subscheme U of X , the induced
homomorphism π1(U ) → π1(X) is surjective. Therefore, shrinking X if necessary, we may assume
that X is smooth over Spec(OF ).
Let S be the image of X by the structure morphism X → Spec(OF ). Since X is ﬂat over OF , the
set S is open in Spec(OF ) [7, 2.4.6]. Note that the complement of S is a ﬁnite set since OF is a
Dedekind domain. By Proposition 2.8, we have the following exact sequence:
π1(XF ) → π1(X) → π1(S) → 1.
The fundamental group π1(S) is small by the Hermite–Minkowski theorem and π1(XF ) is topologi-
cally ﬁnitely generated [9, Exp. II, Th. 2.3.1]. Hence π1(X) is small by Lemma 2.7. 
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with characteristic 0. Since the group π1(Spec(k)) is known to be topologically ﬁnitely generated, so
is π1(X).
3. Fundamental groups with modulus
The notion of coverings with restricted ramiﬁcation deﬁned in [11] is not stable under base change
even if our attention restricts to tame covers (cf. [18, Exam. 1.3]). In this section, we shall intro-
duce the notion of coverings of ramiﬁcation bounded by a modulus which is a slight modiﬁcation of
G. Wiesend’s tame coverings [23]. Such coverings are stable under base change and form a Galois
category.
Following [14], we denote by Sch(Z) the category of schemes separated and of ﬁnite type
over Spec(Z). We call X ∈ Sch(Z) ﬂat if its structural morphism X → Spec(Z) is ﬂat, and vertical
(or a variety) if the structural morphism factors through Spec(Fp) for some prime number p. Note
that an integral scheme X ∈ Sch(Z) is either ﬂat or vertical. A curve is an integral scheme in Sch(Z)
of dimension 1. A curve on a scheme X in Sch(Z) is a closed subscheme of X which is a curve. For
any curve C on X , let k(C) be the function ﬁeld of C and C˜ the normalization of C . If the curve C
is regular, there exists a unique regular curve P (C) ∈ Sch(Z) which is proper over Z and contains C
as a dense open subscheme (cf. [13, Prop. 1.6]). We always identify closed points x in P (C˜) with the
normalized valuations in k(C) associated with x. In particular, we write k(C)x the completion of k(C)
with respect to the valuation corresponding to a closed point x ∈ P (C˜).
Deﬁnition 3.1. For every curve C on a scheme X ∈ Sch(Z), a modulus mC on C is a ﬁnite set
(mC,x)x∈P (˜C)C˜ of non-negative integers mC,x associated with closed points x in P (C˜)  C˜ . A mod-
ulus m= (mC )C⊂X on X is a collection of moduli mC associated with curves C on X .
Note that the sets of points and of curves on a scheme X ∈ Sch(Z) are at most countable, since a
countable Noetherian ring has at most countably many prime ideals (cf. [14, Sect. 7]). By using the
notion of modulus, we restrict the ramiﬁcation of coverings as follows:
Deﬁnition 3.2. (i) Let K be a complete discrete valuation ﬁeld, GK the absolute Galois group of K
and L a separable extension ﬁeld of K . For any rational number m > −1, we say that the ramiﬁcation
of L/K has bounded by m if GmK ⊂ GL , where GmK is the m-th ramiﬁcation subgroup of GK in the upper
numbering [20, Chap. IV, Sect. 3].
(ii) For each regular curve C , let mC = (mC,x)x be a modulus on C . A ﬁnite étale morphism
C ′ → C is said to be of ramiﬁcation bounded by mC if the extension of complete discrete valuation
ﬁelds k(C ′)x′/k(C)x has ramiﬁcation bounded by mC,x for each x ∈ P (C)  C and for each valuation x′
of k(C ′) over x.
(iii) Let X ∈ Sch(Z) be connected, and m a modulus on X . A ﬁnite étale morphism Y → X is said
to be of ramiﬁcation bounded by m if for every curve C on X and for each irreducible component C ′
of C˜ ×X Y , the ramiﬁcation of the induced morphism C ′ → C˜ is bounded by mC .
Let X ∈ Sch(Z) be connected. Choose a closed point x in X and take a geometric point
ξ : Spec(Ω) → x, where Ω is a separably closed extension of the residue ﬁeld at x. We deﬁne a ﬁber
functor Fx by Fx(Y ) = HomX (Spec(Ω), Y ) for any covering Y → X of ramiﬁcation bounded by m.
Lemma 3.3. The category of coverings over X with ramiﬁcation bounded by a modulus m together with the
ﬁber functor Fx is a Galois category.
Proof. We have to check the conditions (G1)–(G6) of [8, Exp. V, Sect. 4]. Let Y1, Y2 → X be coverings
of ramiﬁcation bounded by m, and C a curve on X . The covering C˜ ×X (Y1 ×X Y2) → C˜ is of ramiﬁca-
tion bounded by mC [11, Lem. 2.2]. Thus, the category of these coverings over X is closed under ﬁber
products. Let Y1 → Y2 and Y2 → X be two ﬁnite étale morphisms such that the composite Y1 → X is
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Lem. 2.2 and Lem. 2.4]. As in the proof of Theorem 2.4.2 in [10], the above arguments imply (G1) and
(G2), namely, the existence of ﬁber products and quotients respectively in the category. The assertions
(G3)–(G6) can be deduced by the straightforward manner. 
We denote by π1(X,m) the fundamental group associated to the Galois category of coverings of X
with ramiﬁcation bounded by m. The notion of the coverings above is stable under base change as
follows: Let f : X ′ → X be a morphism of connected schemes in Sch(Z) and m= (mC )C⊂X a modulus
on X . For each curve C ′ on X ′ and closed point x′ in P (C˜ ′) C˜ ′ , if f (C ′) is a closed point of X then put
mC ′ := 0. On the other hand, if the topological closure f (C ′) = C of f (C ′) is a curve on X , then put
mC ′,x′ := ex′/xmC,x for f (x′) = x, where ex′/x is the ramiﬁcation index of the extension k(C ′)x′/k(C)x .
We put f ∗m := (mC ′ )C ′⊂X ′ , where mC ′ = (mC ′,x′ ).
Lemma 3.4. Let f : X ′ → X be a morphism of connected schemes in Sch(Z) and m a modulus on X. Then the
morphism f induces a group homomorphism π1(X ′, f ∗m) → π1(X,m).
Proof. Let Y → X be a covering of X of ramiﬁcation bounded by m. It is enough to show that the
induced covering Y ×X X ′ → X ′ of X ′ has the modulus f ∗m = (mC ′ )C ′⊂X ′ for each curve C ′ on X ′ .
If f (C ′) is a closed point of X , the covering Y × C ′ → C ′ induces a separable base ﬁeld extension
and unramiﬁed. If the topological closure f (C ′) of f (C ′) is a curve C on X , it is a base change of
C˜ ×X Y → C˜ whose ramiﬁcation is bounded by mC . Thus, the induced covering C˜ ′ ×X Y → C˜ ′ has
ramiﬁcation bounded by mC ′ . 
For two moduli m = (mC )C and m′ = (m′C )C on X , we write m′  m if we have m′C,x mC,x for
each curve C on X and x ∈ P (C˜)  C˜ . Thereby we have a surjection π1(X,m′) → π1(X,m). Using this
notation, we have the following homotopy exact sequence.
Lemma 3.5. Let S ∈ Sch(Z) be connected normal with generic point η, and f : X → S a smooth morphism
in Sch(Z). Assume that the geometric generic ﬁber Xη¯ of f is connected and the map f has a section s : S → X.
Then, for any modulus m on X there is a modulus m′ m on X such that the sequence of fundamental groups
π1(Xη¯) → π1(X,m′) → π1(S, s∗m) → 1
is exact.
Proof. We basically follow the proof of Lemma 2 in [12]. For each curve D on S , its image s(D)
of the section s : S → X is a curve on X . Therefore we have s∗m = (ms(D))D⊂S . By Lemma 3.4, the
section s : S → X induces a homomorphism π1(S, s∗m) → π1(X,m). In general, we do not have a
homomorphism π1(X,m) → π1(S, s∗m). By the very deﬁnition of the modulus f ∗s∗m, we can take a
modulus m′ on X with m′  m,m′  f ∗s∗m and satisfying m′s(D) = ms(D) for each curve D on S . By
Lemma 3.4 we obtain a composition of homomorphisms β :π1(X,m′) → π1(X, f ∗s∗m) → π1(S, s∗m).
By Proposition 2.8, we have the following commutative diagram






whose top row is exact. Therefore β is surjective, and β ◦α = 0. To prove the exactness of the bottom
row, we must show that for any connected covering X ′ → X with modulus m′ which admits a section
over Xη¯ , there exists a connected covering S ′ → S with modulus s∗m such that X ′ = X ×S S ′ . By
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X ×S S ′ . For each curve D on S , the covering X ′ ×X s(D) → s(D) is ramiﬁcation bounded by m′s(D) =
ms(D) . Thus, the covering S ′ → S has ramiﬁcation bounded by the modulus s∗m and the assertion
follows. 
Now, we examine the smallness of fundamental groups with modulus. The fundamental group
π1(X,m) is a quotient of π1(X). Thereby it is small for any ﬂat and connected scheme X ∈ Sch(Z) by
Proposition 2.4(ii) and Theorem 2.9. When the scheme X is vertical, we need the assumption on X as
in [14, Th. 8.2].
Theorem 3.6. Let X be a connected variety over a ﬁnite ﬁeld k. Assume that there exist an étale morphism
X ′ → X and a proper morphism X ′ → Z , where Z is a curve over k with generic point η. Then π1(X,m) and
the geometric part π1(X,m)geo := Ker(π1(X,m) → Gk) of π1(X,m) are small for any modulus m on X.
Proof. For any étale morphism f : X ′ → X , the induced map π1(X ′) → π1(X) has ﬁnite cokernel and
so is π1(X ′, f ∗m) → π1(X,m). Hence we may assume that we have a proper morphism g : X → Z
over k. We may further assume that g : X → Z is surjective. By the descent theory for étale fun-
damental groups, we may assume that the variety X is normal and the geometric generic ﬁber Xη¯
of g : X → Z is connected as in the proof of Theorem 2.9. Let U be the smooth locus of g : X → Z
and i :U → X the open immersion. Note that U is an open subscheme of X [7, 17.15.12], and the
induced morphism g|U :U → Z is still surjective. By [7, 17.16.3], the restriction g|U :U → Z admits a
section over an étale open Z ′ of Z . Hence we may assume that the smooth surjective morphism
g|U :U → Z has a section s : Z → U . Now we replace the modulus m by m′′ so that it satisﬁes
m′′  m, m′′  g∗s∗i∗m and m′′
s(Z)
= (g∗s∗i∗m)s(Z) = ms(Z) , where s(Z) is the topological closure
of s(Z) in X . Since the geometric generic ﬁber U η¯ is irreducible, we have the following exact se-
quence by Lemma 3.5 for some modulus m′  i∗m on U :
π1(U η¯) → π1(U ,m′) → π1(Z , s∗i∗m) → 1.
The natural homomorphisms π1(U ,m′) → π1(X,m) and π1(U η¯) → π1(Xη¯) are surjective. Hence the
sequences
π1(Xη¯) → π1(X,m) → π1(Z , s∗i∗m) → 1
and
π1(Xη¯) → π1(X,m)geo → π1(Z , s∗i∗m)geo → 1
are also exact. The fundamental group π1(Z , s∗i∗m)geo is small (cf. [6, Th. 8.23.5]) and π1(Xη¯) is
topologically ﬁnitely generated [8, Exp. X, Th. 2.9] since the ﬁber Xη¯ is proper. Thus, the assertion
follows from Lemma 2.7. 
Remark 3.7. It is known that the tame fundamental groups for curves over a ﬁnite ﬁeld are topolog-
ically ﬁnitely generated. By the same manner as in the proof of the above theorem, for a variety X
over a ﬁnite ﬁeld which is étale locally proper over a curve, we can prove that the tame fundamental
group π tame1 (X) is also topologically ﬁnitely generated.
4. Application to representations of fundamental groups
As an application of the Hermite–Minkowski theorem and the ﬁniteness of ray class groups, the
following ﬁniteness of Galois representations over an algebraically closed ﬁeld k is obtained (for
the geometric version of this result, see [16, Th. 4(i)]). Here, we always consider the general linear
group GLd(k) as a topological group with the discrete topology.
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the characteristic of k is 0. For any positive integer d, there exist only ﬁnitely many isomorphism classes of
continuous semisimple representations ρ :GF → GLd(k) with bounded Artin conductor.
In the case where the characteristic of k is p > 0, H. Moon and Y. Taguchi proved the ﬁniteness of
mod p Galois representations with solvable images over k both for the number ﬁeld case and for the
function ﬁeld case [16, Th. 2, Th. 4(ii)]. For the function ﬁeld case, the ﬁniteness has been obtained in
almost all the cases by G. Böckle and C. Khare (see [2]).
By using the fundamental groups with modulus deﬁned in Section 3 instead of the Artin conductor,
the ﬁniteness of mod p Galois representations is equivalent to the ﬁniteness of representations of the
fundamental group π1(X,m), where X is a curve in Sch(Z) and m is a modulus on X .
Deﬁnition 4.2. For any topological group G and non-negative integer r, deﬁne the r-th commutator
subgroup G(r) of G by the topological closure of the commutator subgroup [G(r−1),G(r−1)] in G(r−1)
for r  1, and G(0) := G .
Now we prove the ﬁniteness of π1(X,m)/π1(X,m)(r) by reducing to the one-dimensional case.
The following proposition is essential for the proof.
Proposition 4.3. (See [14, Th. 2.9(i)].) Let X ∈ Sch(Z) be connected normal.
(i) If X is ﬂat, then there exists a horizontal curve C on X such that the induced homomorphism π1(C)ab →
π1(X)ab has an open image.
(ii) If X is vertical, assume that there exist an étale open X ′ → X and a proper generically smooth morphism
X ′ → Z to a regular curve Z . Then we ﬁnd a curve C on X with the same property as in (i).
Lemma 4.4. Let X ∈ Sch(Z) be connected normal and m a modulus on X.
(i) If X is ﬂat, then π1(X,m)/π1(X,m)(r) is ﬁnite for any integer r  1.
(ii) If X is vertical over a ﬁnite ﬁeld k we assume that there exist an étale open X ′ → X and a proper generically
smooth morphism X ′ → Z to a regular curve Z over k. Then π1(X,m)geo/π1(X,m)geo,(r) is ﬁnite for any
integer r  1.
Proof. (i) In the case of r = 1, we write π1(X,m)/π1(X,m)(r) = π1(X,m)ab. By Proposition 4.3 there
exists a ﬂat curve C on X such that the induced homomorphism π1(C,mC )ab → π1(X,m)ab has open
image. Hence, we have the following commutative diagram
π1(C)ab π1(X)ab
π1(C,mC )ab π1(X,m)ab.
Since π1(C,mC )ab is ﬁnite and the homomorphism π1(C,mC )ab → π1(X,m)ab has ﬁnite cokernel,
π1(X,m)ab is also a ﬁnite group.
By induction on r, we may assume that π1(X,m)/π1(X,m)(r−1) is ﬁnite. Take a Galois cover
f : X ′ → X corresponding to π1(X,m)(1) . We have a surjection π1(X ′,m′) → π1(X,m)(1) for the mod-
ulus m′ := f ∗m on X ′ , and it induces a surjection
π1(X
′,m′)/π1(X ′,m′)(r−1) → π1(X,m)(1)/π1(X,m)(r).
Thus the assertion follows from the hypothesis and the ﬁniteness of π1(X,m)ab = π1(X,m)/
π1(X,m)(1) .
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replacing k with a ﬁnite extension ﬁeld over k we may assume that the exact sequence
1 → π1(X,m)geo → π1(X,m) → Gk → 1
splits. Since π1(X,m)geo,(r) is a characteristic subgroup of π1(X,m)geo, the semidirect product
π1(X,m)geo,(r)  Gk exists and it is a normal subgroup of π1(X,m). Let f : X ′ → X be a ﬁnite Galois
cover corresponding to the normal subgroup π1(X,m)geo,(1)  Gk . As in (i) this induces a surjective
homomorphism
π1(X
′,m′)geo/π1(X ′,m′)geo,(r−1) → π1(X,m)geo,(1)/π1(X,m)geo,(r).
Hence we obtain the ﬁniteness of π1(X,m)geo,(1)/π1(X,m)geo,(r) by induction on r. 
Theorem 4.5. Let k be an algebraically closed ﬁeld with arbitrary characteristic, X ∈ Sch(Z) connected nor-
mal, d a positive integer and m a modulus on X.
(i) If X is ﬂat, then there exist only ﬁnitely many isomorphism classes of semisimple continuous representa-
tions ρ :π1(X,m) → GLd(k) with solvable images.
(ii) If X is vertical over a ﬁnite ﬁeld k we assume that there exist an étale open X ′ → X and a proper generically
smooth morphism X ′ → Z to a regular curve Z over k. Then there exist only ﬁnitely many isomorphism
classes of semisimple continuous geometric representations ρ :π1(X,m) → GLd(k)with solvable images.
Proof. (i) For any group G , the solvability class of G is the minimal integer i  0 such that G(i) = 1. Note
that every solvable subgroup G of GLd(k) has solvability class  s, where s is a positive integer de-
pending only on d [21, Chap. V, Sect. 20, Th. 8]. Thus every continuous representation ρ :π1(X,m) →
GLd(k) with solvable image factors through the quotient group of π1(X,m) by π1(X,m)(s) . Note that
this quotient group is ﬁnite by Lemma 4.4(i). Thus the assertion (i) follows.
(ii) By replacing the ﬁnite ﬁeld k with a ﬁnite extension ﬁeld, we may assume that X has a k-
rational point. Thus, the canonical exact sequence
1 → π1(X,m)geo → π1(X,m) → Gk → 1
splits. Then we see that the restriction map from the set of isomorphism classes of continuous
semisimple geometric representations ρ :π1(X,m) → GLd(k) into the set of isomorphism classes of
continuous semisimple representations of π1(X,m)geo into GLd(k) is bijective. As we see in (i), every
continuous semisimple representation ρ :π1(X,m)geo → GLd(k) factors through the quotient group
π1(X,m)geo/π1(X,m)geo,(s) for some s, which is ﬁnite by Lemma 4.4(ii). 
Theorem 4.6. Let k be an algebraically closed ﬁeld with characteristic 0, X ∈ Sch(Z) connected normal,
d a positive integer and m a modulus on X.
(i) If X is ﬂat, then there exist only ﬁnitely many isomorphism classes of semisimple continuous representa-
tions ρ :π1(X,m) → GLd(k).
(ii) If X is vertical over a ﬁnite ﬁeld k we assume that there exist an étale open X ′ → X and a proper generically
smooth morphism X ′ → Z to a regular curve Z over k. Then there exist only ﬁnitely many isomorphism
classes of semisimple continuous geometric representations ρ :π1(X,m) → GLd(k).
Proof. First note that, in the case of Theorem 4.6(ii), by replacing the ﬁnite ﬁeld k with a ﬁnite exten-
sion, the set of isomorphism classes of continuous semisimple geometric representations of π1(X,m)
into GLd(k) is equal to the set of isomorphism classes of continuous semisimple representations
of π1(X,m)geo into GLd(k). It is suﬃcient for the proof of (i) (resp. (ii)) to show that there are only
ﬁnitely many possibilities of open normal subgroups of π1(X,m) (resp. π1(X,m)geo) which appear as
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GLd(k)) since there exist only ﬁnitely many isomorphism classes of irreducible representations of a
ﬁnite group over k (cf. [3, (21.25)]). Let ρ :π1(X,m) → GLd(k) (resp. ρ :π1(X,m)geo → GLd(k)) be a
continuous semisimple representation. By Jordan’s theorem (cf. [21, Chap. VI, Sect. 24, Th. 3]) there
exists an open normal subgroup N of π1(X,m) (resp. π1(X,m)geo) containing the kernel Ker(ρ) of ρ
such that N/Ker(ρ) is abelian and that (π1(X,m) : N) J (d) (resp. (π1(X,m)geo : N) J (d)), where
J (d) is a positive integer depending only on d. Since π1(X,m) (resp. π1(X,m)geo) is small, there exist
only ﬁnitely many such N . Let f : X ′ → X be the Galois covering corresponding to N . Then there ex-
ists a surjective homomorphism π1(X ′,m′) → N (resp. π1(X ′,m′)geo → N) for the modulus m′ := f ∗m
on X ′ and it induces a surjection π1(X ′,m′)ab → Nab (resp. π1(X ′,m′)ab,geo → Nab). Thus Nab is ﬁnite
by Lemma 4.4. Since N/Ker(ρ) is abelian, the commutator subgroup of N is contained in Ker(ρ). This
proves the assertion. 
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